UNIVERSALITY AMONG GRAPHS OMITTING A COMPLETE 

BIPARTITE GRAPH 
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Abstract. For cardinals A, k, 8 we consider the class of graphs of cardinality A 
which has no subgraph which is (k, S)-complete bipartite graph. The question 
is whether in such a class there is a universal one under (weak) embedding. We 
solve this problem completely under GCH. Under various assumptions mostly 
related to cardinal arithmetic we prove non-existence of universals for this 
problem. We also look at combinatorial properties useful for those problems 
concerning K-dense families. 



Anotated Content 



50 Introduction 



]1 Some no we- universal 

[We define Pr(A, k) and using it gives sufficient conditions for tlie non- 
existence of we-universal in i^A.e.K mainly when 9 — . Also we give 
sufficient conditions for no ste- universal when X = ,2'^ > 9 > k.] 



No we-universal by Pr(A, k) and its relatives 

[We give finer sufficient conditions and deal/analyze the combinatorial prop- 
erties we use; Pr(A, k) says that there are partial functions fa from A to 
A for a < A, which are dense, k = otp(Dom(/Q)) and k > otp(Dom(/Q) n 
Dom(/^)) for a ^ /?.] 

Complete characterization under G.C.H. 

[Two theorems cover G.C.H. - one assume A is strong limit and the other 
assume X — fi~^ — 2^^ + 2^^' — ^. Toward this we prove mainly some results 
on existence of universe.! 



[4 More accurate properties 
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0. Introduction 

On the problem of "among graphs with A nodes and no complete subgraph with 
K nodes, is there a universal one" (i.e. under weak embedding) is to a large extent 
solved in Komjath-Shelah f KoSh:49"2| . see more there. E.g. give a complete solution 
under the assumption of GCH. 

Now there are some variants, mainly for graph theorists embedding, i.e. a one 
to one function mapping an edge to an edge, called here weak or we-embedding; 
for model theorist an embedding also maps a non-edge to a non-edge, call strong or 
ste-embedding. We have the corresponding we-universal and ste-universal. We deal 

here with the problem "among the graphs with A nodes and no complete (0, k)- 
bipartite sub-graph, is there a universal one?", see below on earlier results. We 
call the family of such graphs Sjx.e.n, and consider both the weak embedding (as 
most graph theorists use) and the strong embedding. Our neatest result appears 
in section 3 (see 13.51 f3.15|) . 

Theorem 0.1. Assume X > 9 > k > Hp. 

1) If X is strong limit then: there is a member of S^x,e,K which is we-universal 
(~ universal under weak embedding) iff there is a member of Sjx^g^K which is ste- 
universal (= universal under strong embeddings) iff cf(A) < cf(K) and {k < 6 V 
cf(A) < cf(6i)). ~ 
// A = 2^ = fi+ and = 2<^' , then 

(a) there is no ste-universal in Joa.s.k 

(6) there is we-universal in ^)\^9,k iff l^ = t'''^ and — X. 

We give many sufficient conditions for the non-existence of universals (mainly we- 
universal) and some for the existence, for this dealing with some set-theoretic prop- 
erties. Mostly when we get "no G £ Sjx.e,K is we/ste-universal" we, moreover, get 
"no G 6 Sjx,e,K is we/ste-universal among the bipartite ones". Hence we get also 
results on families of bi-partite graphs. We do not look at the case k < Hp here. 

Rado has proved that: if A is regular > Ho and 2^'^ — X, then Sjx,\.i has a ste- 
universal member (a sufficient condition for G* being ste-universal for i^A.A.i is: for 
any connected graph G with < A nodes, A of the components of G are isomorphic 
to G). Note that G G ^a,a,i iff G has A nodes and the valency of every node is < A. 
Erdos and Rado (see [EH74| . in Problem 74) ask what occurs, under GCH to say 
Hi^. By [Sh:26. 3.1] if A is strong limit singular then there is a ste-universal graph 
in.5A,A,i- 

Komjath and Pach |KP84| prove that <)i^j =4^ no universal in ioui^t^i.t^,,, this holds 
also for when '(}g^+ holds; subsequently the author showed that 2*^ ~ k+ 

suffice (Theorem 1 there). Then Shafir (see [ShaOll Th.l]) presents this and proves 
the following: 

( [ShaOli Th.2]): if k = cf(K), and there is a MAD family on [k]'^ of cardinality 

K, then i^K+.K.K has no we-universal. 

( [ShaOli Th.3]): if k < < 2" and there is C [k]** of cardinality k such that no 
B G [k]'^ is included in 9 of them, then S^gn ^^ g has no ste-universal member. 

( [ShaOli Th.4]): if k < < 2" and JlkgA then ^x,e,K has no ste-universal members. 
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Here we characterize "i3A,0,K has universal" under GCH (for weak and for strong 
embeddings) . We also in II .11 prove ^ no we-universal in i^K+.K+./t (compared 

to [ShaOll Th.2], we omit his additional assumption "no MAD A C [k]*^, |^| = k"); 
in ll.2l we prove more. Also (|1.5|) A = A'' > 2"^ > > k ^ no universal under strong 
embedding in iOA,K,e (compared to |ShaOH Th.3] we omit an assumption). 

Lately some results for which we originally used |Sh:460j now instead use |Sh:829) , 
[Sh:922] which gives stronger results. 

* * * 



Notation 0.2. 

• We use A, fi, k, x, 9 for cardinals (infinite if not said otherwise) 

• We use Q;,/3,7,e,C,^,i,j for ordinals, S for limit ordinals 

• For K cf(K) < X, = {6 < X : cf(5) = k} 

• [^]'' = {B C A : \B\ = k}. ■ We use G for graphs and for bipartite graphs; 
see below Definition I0.3f l). l0.4r i'). it will always be clear from the context 
which case we intend. 

Definition 0.3. 1) A graph G is a pair {V,R) — {V'~^ , R^),V a non-empty set, 
R a symmetric irreflcxive 2-place relation on it. We call V the set of nodes of G 
and \V\ is the cardinality of G, denoted by ||G||, and may write a € G instead of 

Let E'^ = {{a, /?} : ai?'^/?}, so we may consider G as {V'^, E^). 

2) We say / is a strong embedding of Gi into G2 (graphs) if: 

(a) / is a one-to-one function from Gi into G2; pedantically from V'^^ into 
(6)st for a, /3 e Gi we have 

3) we say / is a weak embedding of Gi into G2 if 

(a) above and 

(6)wc for a, /3 e Gi we have 

ai?Gi/3 ^ fia)R('-fiP). 

4) The A-complete graph K\ is the graph (A, R) were aR/3 <^ a ^ /3 or any graph 
isomorphic to it. 

Definition 0.4. f) G is a bipartite graph means G = {U,V,R) = {U^,V^,R^) 
where U, V are disjoint non-empty sets, R C U x V. For a bipartite graph G, we 
would like sometimes to treat as a usual graph (not bipartite), so let G as a graph, 
Gfe^l, be {U'=' U V^, {(a, /3) : a, /3 G V U /7 and ai?^/3 V pR^a}). The cardinality 
of Gis (|t/G|,|y«|) or |C/G| + |1/«|. 

2) We say / is a strong embedding of the bipartite graph Gi into the bipartite 
graph G2 if : 

(a) / is a one-to-one function from U'~^^ U V'~^^ into U'~^^ U V^'^ mapping U'^^ 
into U^^ and mapping V'~^'^ into V^^ 
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(6) for (a, j3) £ U^^ x V^^ we have 

3) We say / is a weak embedding of the bipartite graph Gi into the bipartite graph 
G2 if 

(a) / is a onc-to-onc function from U'^^ UV^^ into U'^^UV'^^ , f mapping 

into U'^^ and mapping y*^! into V'^'^ 
ib) for (a, /3) S C/*^! x we have 

4) In parts (2), (3) above, if Gi is a bipartite graph and G2 is a graph then we 
mean Gf\G2. 

5) The (k, 0)-complete bipartite graph i^^^e is {U, V, R) with U = {i : i < k}, V = 
{K + i : i < 0},R = {{i, k, + j) : i < K,j < 0}, or any graph isomorphic to it. 

Definition 0.5. 1) For a family S) of graphs (or of bipartite graphs) wc say G is 
ste-universal [or we-universal] for Sj iff every G' & S) can be strongly embedded [or 
weakly embedded] into G. 

2) Wc say ^ has a ste-universal (or we-universal) if some G G Sj is ste-universal (or 

we-universal) for Sj. 

Definition 0.6. 1) Let ^A,e,K = ^f^g « be the family of graphs G of cardinality A 
(i.e. with A nodes) such that the complete {6, K)-bipartite graph cannot be weakly 

embedded into it; gr stands for graph. 

2) Let Jo^^g ^ be the family of bipartite graphs G of cardinality A such that the 

complete {9, K)-bipartite graph cannot be weakly embedded into it. If A = (A, A) 
we may write A (similarly in (3)); bp stands for bipartite. 

3) Let ^^^^g ~ •^J'e « ^'^ ^^'^ family of bipartite graphs G of cardinality A such 
that K0,K. (the (^, K)-complete bipartite graph) and Kk.,0 (the (k, 0)-complete bi- 
partite graph) cannot be weakly embedded into it; sbp stands for symmetrically 
bipartite. 

4) S)\ = S)f is the family of graphs of cardinality A and Sj^ is the family of bipartite 

graphs of cardinality A. 

Observation 0.7. 1) The following are equivalent: 

(a) in ^3^^^ ^ there is a we-universal 

(b) in {G's"'! : G £ ^fen} there is a we-universal. 

2) Similarly for stc-univcrsal. 

3) If G is ste-universal for ^ then it is we-universal for io (in all versions) . 

4) Assume that for every G G S)\^o,k there is a bipartite graph from Sjx^q^k not x- 
embeddable into it, then in Sj^^ g and in Sj^g ^ and in Sj^^g ^ there is no x- universal 

member; for x G {wc,stc}. 

Proof. (1) (g) => (6) : Trivially. 

(6) ^ (g) : Assume G is we-universal in {G^"'! : G e Sjf^J and let {A, : i < i*) 
be its connectivity components. Let Ai be the disjoint union of Aj^o,^i,i with 
no G-edge inside Ai^ and no G-edge inside Ai^i (exists as G = gI?'^' for some 
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G* G ^^xkB' ^^^'^ that {Ai^Q,Ai^i} is unique as G \ Ai is connected). Let A^'f 
for z < i*, £ < 2, m < 2, a < A be pairwise disjoint sets with l^™^"! ~ l^i.fel when 
m + £ = k mod 2. Let G' be the following member of ^^^g ^: let U'~^ be the disjoint 
union of Af" for i < i* ,£ < 2,a < X and V'^' be the disjoint union of A]'/''" for 

1 < i*,^ < 2,a < A and i?"^' = U{i?^^ : i < i*,£ < 2} where i?"^ are chosen such 
that (4o^4'r:^"o) = (A.c^M,^'' r A,.o X - (4f Easily 
G" G io^^g ^ is we-universal. 

2) The same proof. 

3) , 4) Easy. 

1. Some no we-universal 

We show that if A = A** A 2" > 6* > k then in i3A,6i,K there is no ste-universal 
graph fin II. 5^ : for we-universal there is a similar theorem if = k"*", Pr(A, k), see 
0+ Definition [Ol (this holds when A = A" = cf(A),*sA). 

Claim 1.1. Assume k is regular andJltg^+ (see Definition ll.Si below). Then there 
is no we-universal in ^Ok+.k+.k- 

Definition 1.2. 1) For regular k < A let 5;^ = {(5 < A : ci{5) = cf(K)}. 

2) For regular A and stationary subset S* of A let i^s nieans that for some A = {As : 
S ^ S,d limit) we have 

(a) As is an unbounded subset of 5 

(b) if A is an unbounded subset of A then for some (equivalently stationarily 
many) S £ S we have As C A. 

2 A) For K < A let ^ mean that for some family AC [X]'^ of cardinality A we have 
(VS G [X]^)i3A e A)iA c B). 

3) Pr(A, k) for cardinals X > k means that some exemplifies it, which means 

(a) is a family of < A functions 

(b) every / G is a partial function from A to A 

(c) if / G then k = otp(Dom(/)) and / strictly increasing 
id) f^geT^K> |Dom(/) n Dom(.g)| 

(e) if g is a partial (strictly) increasing function from A to A such that Dom{g) 
has cardinality A, then g extends some f £ F. 

4) Pr'(A, 5) is defined similarly for 5 a limit ordinal but clauses (c) + (d) are replaced 

by 

(c) ' if / G then i5 = otp(Dom(/)) and / is one to one 

[d) ' a f ^ g € J- then Dom(/) fl Dom(5) is a bounded subset of Dom(/) and 

of Dom{g). 

Observation 1.3. 1) We have 

(i) K ~ cf(K) and Jltg\ ^ Pr(A, k) 
(m) Pr'(A,K)^ Pt{X,k.)^J^^^ 

(iii) for any cardinal k we have Pr(A, k) <^ Pi''(A, k). 
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2) If we weaken clause (c) of I1.2r 3) to 

(c)- JeT^ |Rang(/)| = K= |Dom(/)| 
we get equivalent statement (can combine witli ll.3T 3)). 

3) The "one to one" in Definition 11.2( 4). clause (c)' is not a serious demand, that 
is, omitting it we get an equivalent definition. 

Proof. Easy. 

1) E.g., clause {Hi) holds because for any one to one f : k ^ Ord, for some A € [k]'^ 
the function f \ A is strictly increasing (note it first to regular k). 

2) Left to the reader. 

3) Why? Let pr:A x A —5- A be 1-to-l onto and pri,pr2 : A —5- A be such that 
a = pr(pri(Q;),pr2(a)). 

Let be as in the Definition 11.2( 4) old version. Then {prj^ o / : / g will 
exemplify the new version, i.e. without the 1-to-l. 

For the other direction, just take {/ € : / is one to one}. '-tTT3] 

Proof. Proof of II. li lt follows from ll.4| proved below as easily implies Pr(K+, k) 

for regular k fsce ll.3f 1)V ^T7l\ 

Claim 1.4. //Pr(A, k), so X> k then in Sj\,K+.K there is no we-universal. 
Moreover, for every G* € -JOa,k+,k there is a bipartite G € -$Oa,k+,k of cardinality A 
not we-embeddable into it. 

Proof. Let G* be a given graph from SJ\^k+,k\ without loss of generality = A. 
For any ^ C A let 

(*)o (a) =: {/3 < X : /3 is G*-connected with every 'y € A} 

(b) =: {/3 < X : f3 is G*-connected with k members of A} 

(c) Y^ ~: {P < X : P is G* -connected with every ^ £ A except possibly 

< K oi them}. 
Clearly 

(d) ACBCX^Y^DY^ and Y| C Fj and Y^ D Y^ 

(e) \A\>n^Y^CY}CYl 

We now note 

(*)i if v4 e [A]'' then |Y^| < k. 

[Why? Otherwise we can find a weak embedding of the (k, K+)-complete bipartite 
graph into G*] 

(*)2 if A e [A]" then < k. 

[Why? If not choose pairwise disjoint subsets Ai of A ioi i < k each of cardinality 
K, now easily 7 G F4 ^ |{i < k : 7 ^ ^aJI < k so Y} C [j Y^^ hence if IF4I > k 

then for some i < k,^^. has cardinality > k, contradiction by (*)i.] 

Let = {fa : a < A} exemplify Pr(A, k). Now we start to choose the bipartite 
graph G: 
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= A, V^<= = A X A, i?<= = U and i?^ C {(/3, (0,7)) : a < A and 
/? g Dom{fa:) and 7 < A} C J7"-^ x where i?^ is chosen below; we let 

Now 

Hi G is a bipartite graph of cardinality A 

^2 the K)-complete bipartite graph (g cannot be weakly embed- 

ded into G. 

[Why? As for any (01,7) G the set {/3 < A : ,3i?'^(Q;, 7)} is equal to Dom(/a) 
which has cardinality k which is < k"*" ; note that we are speaking of weak embedding 
as bipartite graph, "side preserving"] 

the (k, K"*")-complete bipartite graph cannot be weakly embedded into G 
provided that for each a < A, 

®Q Kk,,k+ cannot be weakly embedded into {If-^, V'~^,R'^). 

[Why? Let Ui C U'^,Vi C V'~^ have cardinality k, respectively and let V{ = 
{a : (a, 7) S Vi for some 7}. If \V{\ > 2 choose 9ai, 71), (02,72) S Vi such that 
Qfi 7^ a2, so {/? < A : (/3, (af,7^)) € for £ = 1,2} include Ui hence by the 
definition of R'~^ we have |Dom(/Qj) n Dom(/Q2)| > |J7i| — k, but ai ^ a2 ^ 
|Dom(/Qj) n Dom(/Q2)| < k by clause (d) of Definition 11.2( 3') - think.] 

KI4 G cannot be weakly embedded into G* provided that for each a < A: 

®^ there is no weak embedding / of (C/*^, V'^,R^) into G* extending /„. 

[Why? Assume toward contradiction that / is a one-to-one mapping from U'~^ U 
into V-^ — A mapping edges of G to edges of G*. So / [ U'-^ is a one-to-one 
mapping from A to A hence by the choice of = {fa : a < A} to witness Pr(A, k) 
see clause (e) of Definition 11.2( 3) there is a such that /« C / [ U'^. So clearly 
l3RG{a,j) and (3 G Dom(/,) implies {/(/?), /(a, 7)} = {/a(/3), /((a, 7))} € E^', 
hence (/3, ((3,7)) £ R^ ^ {/(/3), /((a, 7))} e E^' . This clearly contradicts 0^ 
which we are assuming.] 

So we are left with, for each a < A, choosing Ra C (a, 7) : /3 £ Dom(/a), 7 < 
A} to satisfy ®^ -I- ©„. The proof splits to cases, fixing a. 

Let us denote — Rang{fa),Aa = Dom(/Q) for £ = 0, 1 we let —: {7 G 
Aa : otp(A„ n 7) = ^ mod 2} and Bi {/„(7) : 7 G 
Case 1 : has cardinality < k for some i? G [Ba]'^. 

Choose such B = B'^ and let A'^ = {(3 € : faiP) & B'^}. There is a sequence 
G = (Gc : C < Gc G [k]'^ such that ^ < C ^ jG^ n G^ < n. 

Let i?„ = {{13, (a, 7)) : 7 < k+, /3 G A'^ and otp(^ n A'J G G^}. Now holds 
because if / is a counter-example, then necessarily by the pigeon-hole principle 
for some 7 < k+ we have /((a, 7)) ^ Yg, , but clearly (0,7) is Ga-connected 
to K members of A'^ hence /((a, 7)) is G*-connected to k members of B'^ hence 
/((a, 7)) G FJ/ and we get a contradiction. Also holds as ^ < C < '^^ =^ 

|Gj nG^I < K. " 

So we may assume, for the rest of the proof, that 
^5 \Yi\> K for every B G [-B^]'^. 
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Case 2 : For some € < 2, |Y|f | > n and for some Z: 

(i) z c yJAF^, 

(m) |Z| < K 

(mi) for every 70 S (Yj^ \Y^< )\Z there is 71 S Z such that k > e .B^ : 
(5 is G*-connected to 70 but is not G*-connected to 7i}|. 

So we choose such t = £{a) <2,Z = Z^ and then we choose a sequence {B^^-y ■ 7 G 
Zq) such that: 

lEIe (a) -Ba^-y is a subset of 

(6) \Baa\=i^ 

(c) 71 ^ 72 G Z Bc<,7i n = 

(d) 7 is not G*-connected to any e G 5^,7 

(this is possible as 7 G =^ 7 ^ Y^i, ) . 

Now we can find a sequence {Ca,c, '■ C < 1^^) satisfying 

^7 {a) C^x C Bi 

(/?) \Cax\ = K moreover (3 G Za ^ \C^aX ^ -^a,/?! = 1^ 

(7) for ^ < ( we have \CaX ^ da,c\ < 

(e.g. if K = cf(K) > Ho by renaming = k, each Bq^e is stationary, choose 
nonstationary Ca,e ^ k inductivefy on e; if k > cf(K) reduce it to construction on 
regulars, if k = like k = cf(«;) > Ho). 

Lastly we choose Ra = {(/?, (a, 7)) : /? G ^a,7 < k"*" and /a(/3) G Cq,,^}. 

Now (Ba is proved as in the first case, as for if / is a counter-example then 
clearly for 7 < «;+, /((a, 7)) G Y^^, so as |5^b^| > k; by KI5 and \Za\ < k and 
< K (by (*)2) necessarily for some ( < K+,70 =: /((a, 0) G Y|f \Y^f\Za. 
Let 71 G be as guaranteed in clause (iii) in the present case. Now 70 is G*- 
connected to every member of Cax as 70 = /((a, C))- Hence 70 is G*-connected 
to K members of i3a,7i (see clause (/3) above and the choice of Ra); but 71 is not 
G*-connected to any member of B^.^^^ (see clause (d) above). Reading clause (iii), 
we get contradiction. 

Case 3 : Neither Case 1 nor Case 2 . 

Recall that a is fixed. For i G {0, 1} we choose ^ by induction on ^ < «;+, 
such that 

lElg (a) ^ subset of Fj^ of cardinality k, 

(6) Z^^^ is increasing continuous in ( 

(c) Y^e^ C Z^ Q 

{d) if C = <^ + 1 then there is 7^^^ G such that 

for every 7' G Z^ ^\Yge we have 

K= \{p G B^ : P is G*-connected to 7^ ^ but not to 7'}| 
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(e) if C = C + 1 and E ^ hence k = |{/3 £ i?^ : /? is connected to 7}| 
(e.g. 7 = 7^_j), then l^^^jgs. G--co„nected to 7} indudcd in 



if) ^S,cn(>1onrJO = zi^^n(yJony|0. 

Why possible? For clause (c) we have \Yge \ < k by (*)2, for clause (d) note that 

"not Case 2" trying as Z , and for clause (e) note again G--co„„cctcd to 7^, j I 

K by (*)2. 

Having chosen {Z^^^ : ( < < 2), we let 

Ra ~ {(/?, (a, C)) • for some ^ < 2 we have: 

e and /q(/3) is G* -connected to 7 = 7^ 2(+e C < /^^l- 

Now why ®a holds? Otherwise, we can find A C Aa, \ A\ — k and B C ,\B\ — k+ 

such that /3 g A and f G i? ^ l3Ra{a,j^^^) where ^ — £{^) mod 2, so for some 
^ < 2 we have |A n k, and let 

A' = {Ul3):l3eAnAi}. 
Easily \B\ = k+ and \A'\ = n and /3 6 A' and ^ & B ^ 13 7^ contradiction to 

"^K,K+ is not weakly embeddable into G*". 

Lastly, why holds? Otherwise, letting / be a counterexample, let < k+ 
and (. < 2. Clearly /((a, 0) is G*-connected to every e which is G*- 
connected to 7q^2C+^ hence /((a, C)) cannot belong to Z^ ^q+iK^b^ (by the demand 
in clause (d) of Klg), but it has to belong to ■^q^2C+^+i (^Y clause (e) of Klg), so 
/((a, 0) e (^l2C+f+i\^l2C+£) • Putting together £ = 0, 1 we get /((a, C)) e 

((^^,2C+i\^°,2c) U rio) n ((^^,2C+2\^o,2C+i) ^ ^iO hence /((a, 0) e F^o U Fj, , 
but I < K+; as this holds for every ^ < k+ this is a contradiction to "/ is one 
to one" . '-[Ol 

Claim 1.5. 1) Assume X > 2'^ > 9 > k and X = X"" (e.g. X = 2'^). 

Then in iOA,K.e there is no ste-universal (moreover, the counterexamples are 
bipartite). 

2) Assume Pr(A, k),A > 9 > k,2^ > 9. Then the conclusion of (1) holds. 

Proof. 1 ) By the simple black box f |Sh:300[ Ch.III,§4]) or pllel Ch.VI,§l], i.e. 
|Sh:3090 

M there is / = : 77 G "A), a function from {77 |" i : i < k} into A such 
that for every / : '^^A -> A for some 77 G "A we have C /. 

Let G* G Sjx,K,e and we shall show that it is not ste-universal in i5A,K,e, without 
loss of generality — X. For this we define the following bipartite graph G: 

ffli (i) [/G ^ ''>A and = «A 

(m) i?*^ = : ry G '^A and is a one-to-one function} where 

-R^ ^ {(77 [■ 7, 77) : i G M,,} where tt^ C k is defined as follows 
S2 for r; G '^A we choose C k such that if possible 

i*)7],ur, for no 7 < A do we have (Vi < K)[f,j{ri I i)R'^ 7 = i G Uri]. 



< 
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If for every rj £ "^X for which is one to one for some u £ k we have holds, 
then clearly by Kl we are done. 

Otherwise, for this ry € ''A, is one to one and: there is 7,1 < A satisfying 
{Vi < K){f,^{r] \ i)R^'^u i £u) for every u C k. But then A' {/^(?7 \ 2i) : i < 
k} and B' =: {7,; : u C_ k and (Vi < K)2i G u} form a complete (k, 2'')-bipartite 
subgraph of G*, contradiction. 

2) The same proof. '-tUS] 

2. No WE-UNIVERSAL BY Pr(A, k) AND ITS RELATIVES 

We define here some relatives of Pr. Here Ps is like Pr but we are approximating 
f : X ^ X, and Prslx, X, ^, a) is a weak version of (A + < x (Definition 12. 5p : 
we give sufficient conditions by cardinal arithmetic (Claim 12. 6[ 12. 8p . We prove 
more cases of no we-universal: the case 9 limit (and Pr(A, k)) in 12.21 a case of 
Pr'(A, 0+ X k) in 12.41 We also note that we can replace Pr by Ps in 12.91 and A 
strong limit singular of cofinality > ci{K) in 12. 101 

Convention 2.1. A > 6* > k > Hq. 

Claim 2.2. If 9 is a limit cardinal and Pr(A, k), then there is no we-universal 
graph in f)x_e,K even for the class of bipartite members. 

Proof. Like the proof of 11.41 except that we replace cases 1-3 by: 

for every a < A we let = {(/3, (a, 7)) : l3 e Dom(/Q) and 7 < \Y^om{u)\^}- 
Now holds as \Y^oni(j^)\ < ^ (^^ there) hence \Y^om{U}\^ < 6* as 6* is a 
limit cardinal. Lastly holds as for some a we have fa Q f hence the function 
/ maps {(a, 7) : 7 < |ySom(/„)l^} into ySom(/„) but / is a one to one mapping, 
contradiction. 

Recall 

Definition 2.3. For a cardinal A and a limit ordinal 6, Pr'(A, S) holds when for 
some J-: 

(a) a family of < A functions 

(5) every / G is a partial function from A to A 

(c) f £ T ^ otp(Dom /) = (5, and / is one to one 

(d) f,g^J',f7^g^ (Dom /) n (Dom g) is a bounded subset of Doni(/) and 
of Dom{g) 

(e) if g : A — >■ A is a partial function, one to one, and |Dom g| — A, then g 
extends some f G J^. 

Claim 2.4. Assume 

(a) Pr'(A, (5*), J* = a x k, ordinal product^ 

(b) a^9+. 

Then there is no we-universal in S^^g ^ even for the class of bipartite members. 



^this is preserved by decreasing a 
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Proof. Let G* e ^x,9,K and we shall prove it is not we-universal; let without loss of 
generality = A. 

Let be a family exemplifying Pr'(A, 5*), let 7^ = {fa : a < X} let Aa = 
Dom(/a) and let it be {/3a,£,j : i < <7,s < k} such that [/3a,s(i),j(i) < /3a,£(2),i(2) ^ 
£(1) < £(2) V (£(1) = £(2) and i(l) < i{2))] and for i < ct let A^^i = {|3a,e,^ :£<«}, 
so clearly 

(*)i Aa,i e [A]" and ^ (02,12) => l^ai.n n ^02,^2 1 < 

[Why the second assertion? As {(3a.e,i : £ < k} is an unbounded subset of Aa (of 
order type k).] 

For e A X cr let fa^i = fa \ Aa^i let Ba^^ = Rang(/a^j) so = \Ba,i\ = 

K and let y°j = {7 < A : 7 is G*-connected to every member of Ba,i}, so as 
G* € S^x.e.K clearly \Y^^\ < 9. As a = 9^ > 6 > k, clearly for each a < A for some 
fia < we have0: Xa {« < cr : I^^ J < fJ-a} has cardinality a. As /i^ < also 
Xa '■= fJ't is < = CT, SO < cr = \Xa\- Wc choose by induction on £ < an 
ordinal ^ G Xa such that: 

(*)2 ^*a,e i Kx ^ C < £}■ 

Recall that Xa is a successor, hence a regular cardinal. So if £ G S'J" = {£ < : 
cf(£) = Xa} recalling = A*i > l^a.ij ^ I there is C < £ such that (F^.i. ^ nU{F^^ : 
^ < £} C U{Y'°^ : ^ < C})- Let g{e) be the first ordinal having this property, so g 
is a well defined function with domain S^^ . Clearly, g is a regressive funciton. 

By Fodor's lemma for some stationary Sa ^ S^^ , and for some _B* of cardinality 
< Xa we have e€Sa^B*aD ^ n U{Y°j : j < i*a j, in fact: B* = U{r„",. ^ : 
£ < £*} where 5 [" is constantly e* is O.K., we can decrease B* but immaterial 
here 

Now 

(*)3 for ^ 7^ C from Sa there is no /3 < A such that: 
/? is G*-connected to every 7 G Ba^i* ^ 
P is G*-connected to every 7 G i?Q,i* ^ 
/? is not in i?*. 

Let (C(<^, j) • J < xi) list 5a in an increasing order. Let G be the bipartite graph 

[/^ = A 

V'^ = Xxa 

= {(/?,(«, 7)) : a < A and 7 < xi and /3 G ^a.^;_^(^_,^, U Aa,,.^^^^_^_^_^^ J. 
Kli G is a bipartite graph of cardinality A 



in fact bv l2.2l without loss of generality 6 is a successor cardinal, so without loss of generality 
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^2 the (0, K)-complete bipartite graph (e i^-j) cannot be weakly embedded 
into G. 

[Why ^2 holds? So let (a(l),7(l)) ^ (a(2),7(2)) belongs to V'^ , the set set {/3 S 
f/G :/3 connected to (a(l), 7(2)) and to (a(2), 7(2))} is included in IJ (^a(i),»* n 

i.(i),t(2)e{04} 

A„|-2~i »• ) which is the union of four sets each of cardinal < k (by (=i=)i) 

hence has cardinality < k.] 

KI3 the (k, 6')-coniplete bipartite graph cannot be weakly embedded into G. 

[Why? Toward contradiction assume Ui C U'-^,Vi C V'^ have cardinality k,9 
respectively and /? G C/i A {a,-f) G (3R{a,j). 

Let (a, 7) G Vi, clearly /3 G C/i =^ l3R^{a,-f) ^ (3 e ^ ^"''»:,c:(„.2^+i) ' 

So C/i C U Aj* 

Now if (ai,7i), (0:2,72) G Vi and ai 7^ 02 then i, j < ^ ^ ^a2-j\ 

by the choice of J", so necessarily for some a* < A we have Vi C {a*} x cr. But if 
(a, 71) ^ (a, 72) G T^i then (a, 71), (a, 72) has no common neighbour, contradiction. 



there is no weak embedding / of G into G* . 

[Why? Toward contradiction assume that / is such a weak embedding. By the 
choice of T and (/„ : a < A) we can choose a < A such that C f\U'^ . As 
/ is a weak embedding /3<AA7<AA l3R^{a,^) f{l3)R^' J{a,^), hence 
/3eU^a,^= Dom(/„)A7< AA/3i?G(a,7)^/„(/3)i?G7(a,7)- Hence if 7 < a 

then f{a,j) is G*-connected to every /3 G i?Q,(;(a,27) U BQ,^(a,27) U {/3a, 7} hence 
/(a, 7) G >^a,^(a,27) '^^°,c(a,27+i) which implies that /(a, 7) G B*. So the function 
/ maps the set {(a, 7) : 7 < cr} into i?*. But / is a one-to-one function and B* 
has cardinality < cr, contradiction. IZ [^^ 

Definition 2.5. 1) For k < A and 5 < A we define Ps(A, k) and Ps'(A,5) similarly 
to the definition of Pr(A, k), Pr'(A, 6) in Definition II. 2f 3) .(4) except that we replace 
clause (e) by 

(e)^ if (7 is a one to one function from A to A, then g extends some f (z 

(so the difference is that Dom{g) is required to be A). 
2) Let Pr3(x, A, /i, a) means that for some J-: 

(a) J- a family of partial functions from fi to X 

(b) m < X 

(c) / G J" ^ otp(Dom(/)) a 
id) if.gG^A^(3/G.F)(/C.g). 

Claim 2.6. 1) Assume A is strong limit, A > k and cf(A) > cf(K). 
Then Pr'(A,(5*) holds if 6* < A has cofinality cf(K). 

2) IfX = ii+ = 2^, d{S*) ^ cf(^),5* < A then Pr'(A,(5*) holds. 

3) If 6 < \ is a limit ordinal and A = A'*' then Ps'(A, 5). 

4) If K — cf((5),K < S < X, X = X'^ and Pr3(A, A, A, a) for every a < 5, then 
Fs'iX,S). 

5) Pr(A, k) ^ Ps(A, k), Pr'(A, n) Ps'(A, k) and similarly with 5 instead of k. 
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6) If X> 2" then A = U«,(A) ^ Pt{X,k). 

7) //Ps'(A,k) then Ps(A,k). 

Remark 2.7. Recall Uk(A) — Ujbd(A), and for an ideal J on k,Uj(A) = Min{|P| : 
V C [A]" is such that for every / e "A for some A ^ V we have {i < k : f{i) £ 
A} ^ mod J}. 

Proof. 1) Let (A,; : i < cf(A)} be increasing continuous with limit A such that 
6* < Xq and 2^' < A^+i, hence for limit S,Xs is strong limit cardinal of cofinality 
ci{6). For 6 e Sf^l^}^ = {5 < cf(A) : ci{5) = d{K)}, let (/^^a : a < 2^^) list the 
partial one-to-one functions from Xs to A^ with domain of cardinality Xs ■ We choose 
by induction on a < 2^^ a subset Ag^a of Dom{fs.a) of order type S* unbound in 
Xs such that /3 < a sup(A5^Q, n As^is) < Xs; possible as we have a tree with ci{5) 
levels and 2^* cf((5)-branches, each giving a possible As^a ^ Dom(/5 and each 
As,i3{f3 < a) disqualifies < Aa 4- jaj of them. 

Now ^ = {f5^c.lAs,» : S e Slll^l and a < 2'^^} is as required because if / is 
a partial function from A to A such that |Dom(/)| = A and / is one to one then 
{5 < cf(A) : (3^'' i < Xs){i £ Dom(/) A f{i) < Xs)} contains a club of cf(A). 

2) This holds as O5 for every stationary S C {6 < X : cf((5) ^ cf(^)}, see |Sh:108j . 
and without any extra assumption by jSh:922] . 

3) By the simple black box (see proof of ll.51 well it was phrased for k but the same 
proof, and we have to rename A, A^" as A; see |Sh:e[ Ch.IV], i.e. IShrSOQ) ). 

4) We combine the proof of the simple black box and the definition of Pt^. Let 
(7* : i < k) be increasing continuous, 70 = 0,7k = 5. By Pr3(A, A, A,a) with 
a — 7*^]^ — 7*, for each i < we can find J-i such that 

(*)i Q {9 ■ 9 a partial function from A to A, otp(Dom(g)) — 7*^]^ — 7*} 
(*)2 |^«| < A 

(*)3 for every g* G '''A there is 9 C g* from Fi 

By easy manipulation 

(*);^ if g* G '''A and a < A then there is g G J-^ such that g Q g* and Dom{g) C 
[a, A). 

Clearly exists by the assumption "Pr3(A, A, A, a) for a < 5" so let J^i = {gi^,. : 
£ < A}. Now for every ry G "A let be the following partial function from (''^A) x A 
to A: 

(*)4 if z < K, £ < A and a G Dom(.g.,,^(i)) then /°((?7 \ i,a)) = gi,n(i){a). 

Let /i be a one to one function from ("^A) x A onto A such that (if cf(A) > 5 then 
also in (*)5(6) we can replace ^ by <) 

(*)5 (a) ?7G'">AAa</3<A=^ /i((ry, a)) < h{rj, /3) 

(b) ri<i^e'^>XAa<XAl3<XAae Dom(5£g(^)_^(£<,(^))) =^ h{(iq, a)) ^ 
h{{v,P)). 

Let be the following partial function from A to A satisfying /,,(a) = f'^{h~^{a)) 
so it suffices to prove that F = {/,, : 77 G '^A and is one-to-one} exemplifies 
Ps'(A,(5). 
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First, clearly each is a partial function from A to A. Also for each i < k and 
£ < A the function g^^e has domain of order type Ji^i — 7,*, hence by (*)5(a) also 
7/ e ''A A i < K Dom(/^ \{h{ri\i, e) : e < A} has order type 7*^^ - 7*. By (*)5(6) 
also Dom(/^) has order type 6 = X)(7i*+i\7j*)- 

i 

Now if / e then is one-to-one by the choice of J-. Second, let / : A — > A 
be a one-to-one function and we shall prove that for some G A C /. 

We choose Vi € *A by induction on i < k such that j < i ^ ~ Ui\j and 
Ui<ir] e '^X ^ \{h{vj,a) : j <i,ae Dom(gj_^.(j))} C /. 

For i — and i limit this is obvious and for i — j + 1 use {*)^ ■ So 7/k G '^A and 
frii^ C / hence is one-to-one hence /^^ e so we are done. 

5) "Easy (recalling [0^3)). 

6) Easy. 

7) Easy because if / : k — 5- A is one-to-one then for some u C k of order type k, f \u 
is increasing (trivial if k is regular, easy if A is singular). '-t2?6l 



Claim 2.8. 1) Each of the following is a sufficient condition to Pr3(x, A, /i, a), 
recalling Definition \2.5Y 2) : 

(a) Al"l = A = x>/U>a 
(6) X = A > M > |a| and (VAi < A)(A^"' < A) 
(c) x = A>M>X(|a|)- 
2) Ifxi < X2, Ai > A2, > ^J,2,al > a2 then Pr3(xi, Ai, ^1, ai) implies Pr3(x2, A2, ^^2 

Proof. 1) If clause (a) holds, this is trivial, just use J" = {/ : / a partial function 
from fi to X with a — otp(Dom(/))}. If clause (b) holds, note that for every 
/ G ^A, for some zi, 12 < A we have a < otp({j < ii : j < /i and f{j) < 12}) and 
let 7^ = {/ : / a partial function from /i to A with bounded range and bounded 
domain if /i = A such that a = otp(Dom(/))}. If clause (c) holds, use |Sh:460j . 
2) Trivial. q^j] 

Claim 2.9. 1) In \1.4\ \J75Y 2) and in \2.2\ we can weaken the assumption Pr(A, k) to 
Ps(A,k). 

2) In\2.4\ we can weaken the assumption Pr'(A, ^*) to Ps'{X,S*). 



Proof. The same proofs. 

We can get another answer on the existence of universals. E j^yg] 

Claim 2.10. If X is strong limit, cf(A) > cf(K) and X > 9{> k), then in Sj\^o,K 
there is no we-universal member even for the class of bipartite members. 

Proof. Let 6 := 9'^ x k (recalling A is a limit cardinal) bv 12.6^ 1) we have Pr'(A, (5) 
hence bv 12.41 we are done. II j2 xo| 

Note that Ps may fail. 

Claim 2.11. Assume 6 < X, cf(A) < cf(^) and a < X ^ \a\''^'-^^ < X. 
Then Fs{X,d) fail (hence also Fi{X,S), Ft'{X,S), Ps'{X,d). 

Proof. Toward contradiction let witness Pr(A, 6) so T is of cardinality A. Let 
{fe : e < X) list F\ choose an increasing sequence {Xi : i < cf(A)) such that 
Ai = {XiY^'^^^ and A = e{Ai : i < cf(A)}. We choose Ui by induction on i such that: 
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{*)} (a) U, C A 
{h) \ C U, 

(c) m = \, 

{d) ii f E J- and Dom(/) CiUi is unbounded in Doni(/), then Doni(/) U 
Rang(/) C A. 

For clause (d) note that if Doni(/) n Ui is unbounded in Doni(/) then there is 
u C Dom(/) nUi unbounded in Doni(/) of order-type cf(7) and such u determines 
/ in uniquely 

Now choose f*:X^X such that /* maps A[ IJ , A,j(*))(Wj\ U {Uj : j < i}) into 

j<i(*) 

[Ai(i), Aji-j-j^i) when i{2) < < cf(A) and be increasing /* contradict the choice 
of J". □ 

3. Complete characterization under GCH 

We first resolve the case A is strong limit and get a complete answer in 13.51 by 
dividing to cases (in l3.11 [5^ 13.41 and l2.10l) . in 13.41 we deal also with other cardinals. 
This includes cases in which there are universals p. 11 13. 2|) and the existence of 
we-universal and of ste-universal are equivalent. In fact in 13. 41 we deal also (in part 

(2)) with another case: k = 9 < cf(A),A = ^ |q;|I^I (and then there is no 

a<\,p<e 

we-universal) . 

Next we prepare the ground for resolving the successor case under GCH (or 
weaken conditions using also l3.4r 2')'). If A = /i+ = 0, /i = /i'' there is a we-universal 
in i^A.e.fc (|3.7p . if A = /i+ = 2^, k < /i ('in l3.8il3.12p we give a sufficient condition for 
existence. In 13.151 we sum up. We end with stating the conclusion for the classes 
of bipartite graphs (|3.161 [XT7|) . 

Claim 3.1. Assume A is strong limit, cf(A) < cf(K), k < 9 < X and k < 6* Vcf(A) < 
cf(K); hence cf(A) < 9 < X so X is singular. 
Then in S^x.q.k, there is a ste-universal member. 

Proof. Denote cr = cf(A) and let (A.^ : i < a) he increasing continuous with limit 
A such that Xq > 9 and (A^+i)'^* = A^+i. For any graph G G iOA,0,« we can find 
(V^*^ : i < a) such that: Vf' C V'~^, (y.^ : i < a) is increasing continuous with i 
with union V*^ such that \Vf^\ — Xi and 

(*)i if a; e then \{y G : y is G-connected to x}| < k. 

As a — cf(A) < cf(K) it follows 

(*)2 if i < (T is a limit ordinal and x G V^\Vf^ then (cf(i) < a < cf(K) hence) 
\{y G Vf^ : y is G-connected to a;}| < k. 

For I < a let T, = J] 2^^+\ = U{T,+i ■.i<a},T^ U^<^ T,. 

j<i 

Let A = {A,j : 77 G T'') be a sequence of pairwise disjoint sets such that 77 G 
Ti+i =4> 1^,,! = Xi. For 77 G T U let = ^{^n\j ■ J < ^9iv)J a successor 
ordinal}. Now we choose by induction on i < a, for each rj € Ti a graph Grj such 
that: 
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ffl (a) F*^" = S,, (so for i] =<> this is the graph with the empty set of 
nodes) and so \V'^'^ \ — ^{Xj ■ j < ^g{il) 
successor} 

(b) if v <iri then is an induced subgraph of G^, moreover 

(Vx e V^'^\V^''){x is Gij-connected to < k nodes in F*^") 

(c) if i < (T, ry G Ti, G a graph such that |V^''| = A^+i and G G iOAi+i.e.K 

and Grf is an induced subgraph of G and (Vx G V'-^\V'^'^){x is 
G-connected to < k members of V'~^'^), then for some a < 2^'+^ 
there is an isomorphism from G onto Gn~{a) which is the 
identity on 

(d) Gr, G S^\G,,\,e,K- 

[Can we carry the induction? For i = Q this is triviaL For i = j + 1 this is easy, 
the demand in clause (c) poses no threat to the others. For i hmit for rj ^ Ti, the 
graph Gri is well defined satisfying clauses (a), (b) (and (c) is irrelevant), but why 
Gn & -^OlG^I.e.K? Toward contradiction assume Ao,Ai C B^,Ao x Ai C EP^ and 
{|^o|, 1^1 1} = E£ <2 and cf(|A£|) ^ cf(i) then for some j < i, \AenBr,ij \ = 

\Ae\ so without loss of generality A( C Bjj^j, but then by clause (b) no a; G Bri\Bn\j 
is G,,-connected to > k members of and \At\ > Min{K, 9} = k, hence Ai-i C 
B,^]^j, so we get contradiction to the induction hypothesis. So the remaining case 
is cf(|yl.o|) = cf(z) ~ cf(|^i|) hence cf(6') — cf(K) — ci{i); so as we are assuming 
cf(K) > cf(A) > cf(i), we necessarily get cf(i) — cf(A) = cf(K) — cf{6). By the 
last assumption of the claim (i.e. k < 6 y cf(K) > cf(A)) we get that k < 9 and 
without loss of generality |ylo| = k, \ Ai\ = 9, so for some j < cf(A) we have j < i 
and \Ai n Bri\j \ > k, so as above ^ ^»?rjj hence again as above Ai C Bri\j and 
we are done.] 

We let G* — U{G,, : rj G T}. Now we shall check that G* is as required. First 
assume toward contradiction that A,BC and A x B C and {\A\, \B\} = 
{k, 9}. A set G C V^' wiU be called ^-flat if it is included in some S^, 77 G T U T^. 
Easily above if B is not ^-flat then A is ^-flat. So without loss of generality for 
some rj ^ To- we have A C Bjj but then x G G*\Bri ^ (for some i{x) < a and 
ly G Ti(2.) we have a; G B^\Brinv) |{?/ G i?,, : a; is G*-connected to y}| < k, so as 
K < 9 we get B C Brj, hence A,B C V'-^i and we get contradiction to clause (d) of 
ffl. 

So i^K.e does not weakly embed into G*; also \V'~^ | = A so G* G i3A,e,K- Lastly, the 
ste-universality follows from the choice of {Vf^ : i < a) for any G G .$3a,0,k- That is, 
we can choose by induction on i^rji G Ti and an isomorphism fi from G |" Vf^ onto 
Gr/i if ? > 0, with fi increasing continuous (and i]i increasing continuous) using for 
successor i clause (c) of ffl. '-tnUl 

In the previous claim we dealt with the case of k,9 < A. In the following claim 
we cover the case of 6* A: 

Claim 3.2. Assume A is strong limit, cf(A) < cf(K) < k < 9 = X; hence A is 
singular. 

Then in ^\^e,K there is a ste-universal member. 

Proof. Similar to the previous proof and |Sh:26| Th.3.2, p. 268]. Let a = cf(A) 
and X = (Xi : i < a) , {Ti : i < a) ,T'' ,T he as in. the proof of 13.11 For any graph 
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G e S)\^g,K let /i*^ : ''(V^'^) cr he defined by: if \{xe : e < k}\ ^ k tlien h^{x) is tlie 
first i < (T such, that > \{y G V'^ : y is G-connected to every Xi,i < k — £g{x)}\, 
otherwise h'^ix) is not defined. Now we choose (y[^ : i < ct) as an increasing 
continuous sequence of subsets of V'^ with union V'^ such that \i i < a then 
\V,^\ < A, and X € ''{V^i) A |Rang(x)| = k A h^{x) < i + 1 ^ (Vy £ V^){''y is 
G-connected to Xi for every i < k" =^ y € V^+i)- 

Then when (as in the proof of l3.ip we construct (G,, : ry e T'^) we also construct 
(hjf : T] e T'^),hfj : '^{B^j) a with the natural demands. In the end we have to 
check that ''K^^^g is not strongly enibeddable into G*"; if cf(K) = cr we need to look 
at slightly more (as in the end of the proof of I3.ip . 



Remark 3.3. More generally see |Sh:829) . 
Claim 3.4. 1) Assume A is strong limit, X > 9 = k, cf(At) = cf(A), then in Sjx^g^, 

-sbp 

'x,e. 



there is no we-universal graph, even for the members from Sj^^^ 



2) Assume 

(a) K = 9 < X 

(b) (Vq < A)(V/3 < 6i)[|a|l''l < A], (recall k = 9) 

(c) cf(A) > cf(K). 

Then in Sjx,e,K. there is no we-universal graph, even for the ^^xok- 
Proof 1) By part (2). 

2) Let a — cf(K). Let {ji : i < a) be (strictly) increasing with limit 9 = k. 
Without loss of generality 

M — 7i| is (finite or) a cardinal (< k) with cofinality ^ cf(A). 

[Why? If K is a limit cardinal, trivial as if a cardinal < k fails its successor is O.K.; 
if K is a successor cardinal, 7; = i is O.K. and also = uji or 7^ = ujii is O.K.] 

Given a graph G* in Sjx.e.K. without loss of generality = X. 

For « < (J let Ti = {/ : / is a partial one-to-one mapping from 7,: into A — V'^ 
with bounded range such that j <iA£ £ {0, 1} ^ |7i-i-i — 7j|/2 = l,7j < £ < 7j+i 
ande-£mod2}| and2a,2/3-fl e Dom(/) ^ /(2a)i?'='*/(2/3+l)}. Let T = [J T„ 

2<(T 

so T is a tree with < A nodes and cr levels; for 77 G T let i(r/) < be the unique 
i < a such that ry G T,. Let T+ = {77 : for some C^giv) = C + 1,?/ \ C & T is 
<i-maximal in T and 77(C) = 0}- 
Note 

(*)i if i < (T is a limit ordinal, {fj : j < i) is C-increasing, fj G Tj then 
y fj G Ti [in other words if / is a function from 7^ to A such that j < i ^ 

7\ljeT, thcn/GT,]. 

[Why? The least obvious demand is sup Rang(/) < A which holds as cf(i) < i < 
a = cf(K) < cf(A).] 

(*)2 there is no f — {fi '■ i < <j) increasing such that i < a ^ fi e Ti. 



18 



SAHARON SHELAH 



[Why? As then IJ fi weakly embed a complete (k, 0)-bipartite graph into G* .] 

i<(7 

We define a bipartite graph G 

U'^ = {rj : rj ^T, i{vi) is even} 

U{(?7, e) : 1] G r+, £ < A is even} 

V'^ = {rj :r] eT, i{ri) is odd} 

U{(r/, e) :r] gT+ and e < A is odd} 

R'^ = Rf LI R§ where Rf = {{v, {r],e)} : r] eT+, i{rj) is a succcessor ordinal and eU'-^ (IT 

(and 7i(»))-i < < 7i(r,)) and 
v <ir] and e ^ f^g{i^) mod 2} 

F2' = {{(??, El), {r],e2)} : ?? G r+,i(?7) is a successor ordinal, 
{£1,^2} C [i(?7) - l,i(77) and £1 7^ £2 mod 2}. 

Now 

(d) \T\ < A by clause (b) of the assumption, [7i(,,)-i, 7i(,,)] which is a weak form 
of "A is strong limit" 

(6) |T+| < A. 

If {Ui n (r+ X A)) 7^ 7^ (Vi n (T+ x a)) then we can choose (r/i, ei) e ^(??2, £2) G 
14. [Why? As ?7 e T+ sup Rang(77) < A, see (*)2 recalling i = ig{r]) < a, 

Rang(?7) C 7, < A.] 

(c) |t/G|>|ri|=Aand|yG|>|T2| = A 
hence 

(d) \U^\=X=\V^\ so 

[Why? Being bipartite is obvious; so toward contradiction assume {Ui C {7*^ A 
Vi C V'-^) V (C/i C y<=' A Vi C t/"^) have cardinality k (recall that k = 0) and 
C/i X Vi C _R"^. If (??*,£*) e Vi and t < cf(K) = ct be such that £* < 74, then J7i C 
{v : i'<r]} U {{v, G U'-^ U : u = t]* and C < 7i} which clearly has cardinality 
< K, contradiction. Hence Vi n (T+ x A) = and by symmetry Ui n (T+ n A) = 0, 
hence Q T,Ui C T hence Ui x Vi (set of unordered pairs) is disjoint to R, 
contradiction.] 

(/) G is not weakly embeddable into G*. 

[Why? If / is such an embedding, wc try to choose by induction on i < cr, a member 
rji of Tj, increasing continuous with i such that (V£ G Dom(77j))(Vj < < £ < 
7j+i r]i{e) = f{{r]i \ 7^, £))]. If we succeed we get a contradiction to G* G S^\,e,K 
by (*)2, so wc cannot carry the induction for every i < a. For z = and i limit 
there are no problems (see (*)i), so for some i = j + 1 < cr, fj is well defined but we 
cannot choose /j. But if j < tr consider /, = fj U {(£, f{{r]j,e)) : £ G [7j, 7i)}- This 
gives a contradiction except possibly when A = sup Rang(?7i), but then necessarily 
by Kl, |7i+i — 7i| has cofinality 7^ cf(A), so for £ < 2, for some h < a the set 
{£ : 7j < £ < 7j+i and f{r]j,e) < X^^ and e = £ mod 2} has cardinality [7, — 7j|/2 
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which has cofinahty ^ cf(A), and then fi := fj U {{e, f{rij,e)) : 7j < £ < 7i and 
f{il3,£) < \nax{to,ti}} O.K., Contradiction.] 

Theorem 3.5. Assume A > > k > Hq and X is a strong limit cardinal. There is 
a we-universal in S^\,e.K, iff cf(A) < cf(K) and [n < 9 y cf(A) < cf(0)) iff there is a 
ste-universal in 55a, e, k- 

Remark 3.6. Similarly for the universal for {G'[s''l : g £ ^^xe k}- 

Proof. We use freely I0.7r 3) and below in each case the middle condition in 13.51 
clearly holds or clearly fails and the other conditions hold or fail by the claim 
quoted in the case. 

If 6' < A and cf(A) > cf(K) bv 12. 101 the family i^A.e.K has no we-universal. 

If 6* = A and cf(A) > cf(K) then Pr'(A, k) holds by[M);i) (and recah that Pr(A, k) 
is equivalent here to Pr'(A, k), since k is a cardinal, see ll.Sr Pfiii)) hence bv l2.2l the 
family i3A,0,rt has no we-universal member. 

If cf(A) < cf(K) and 9 < X bv 13. II the family Sjx.e.n has a ste-universal member; 
the second statement in Theorem 13.51 holds as: ii k < 9 easy, if k > 6* then k ^ 9 
hence cf(A) < cf(K) = cf(6'). 

If cf(A) < cf(K) (hence k ^ A so k < A) and 9 = X (so k < 9) bv 13.21 the family 
^x,e,K has a ste-universal member. 

So the remaining case is cf(A) = cf(K). If k < 9 < X bv l3.1l in Sjx,e,K. there is an 
ste-universal; if k = < A bv l3.4r i) in Sjx,e,K there is no we-universal member. If 
K < 9 = X bv 13.21 in Sjx.e.K there is a ste-universal member. We have checked all 
possibilities hence we are done. '-t3?5] 

We turn to A successor cardinal. In the following case, possibly the existence 
of we-universal and ste-universal are not equivalent, see I3.12r 2) -I- I3.12r 4) and 
Theorem EIEl 

Claim 3.7. Assume {X > 9 > n >t^Q and) 

(a) X = n+ 

(b) K < fi and 9 = X 

(c) A' = M"- 

Then in S^x,e,K there is a we-universal member. 

Proof. If G G Sjx,e,K (and without loss of generality — A) and a < A, then 

{*)a {/3 < A : /? is G-connected to > k elements 7 < a} is bounded in A say by 
/3o < A. 

Hence there is a club G = Gg of A such that: 

(i) ci{a) ^ ci{K),a E C,/3 ^ [a, A) k > otp{7 < a : 7 is G-conncctcd to 
/?} 

{ii) ci{a) = ci{K),a E C,/3 E [a, A) => k > otp{7 < a : 7 is G-connected to 
P} 

(iii) if a £ G then ^/a and a > sup(G fl a) cf(Q;) ^ cf(K). 
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We shall define G* with V'^ — A below. For each S < \ divisible by fi let {af : i < 
fi) list Vs = {a : a C S, and \a\ < k or otp(a) = k and S ~ sup(a)}, each appearing 
[i times, possible as \8\ = [l — /i", and let 

-^F* = { (5 + z} : (5 < A is divisible by /x, /3 < (5, i < /3 e af } 
u{{(5 + i, (5 + j} : i ^ j < /i and (5 < A is divisible by 

Now clearly we have Q! + /i</3<A=^K> |{7<Q;:7is G*-connected to /3}| 

hence K^^^x (which is A'^^g by the assumptions) cannot be weakly embedded into 
G* . On the other hand if G £ i5A,e,K without loss of generality V'^ — A and let 
Cg be as above, and let {ct^ : ( < X) list in increasing order Cg U {0}, and we can 
choose by induction on a weak embedding of G f a^^ into G* \ {fj, x C)- So G* 
is as required. ^- \3l7\ 

Claim 3.8. Assume (A > > k > and) 

(a) A = 2^ = is a singular cardinal 

(b) K < ^1 and^ k <0 < X 

(c) for every V C [^]'' of cardinality X for some -B e [tif, for X sets AeV 
we have B C A 

(d) cf(K) =cf(^). 

Then in i^A.e.K there is no we-universal member (even for the family of bipartite 
graphs). 

Proof. Let G* G ^\,0,k, without loss of generality V'~^ = A and we shall construct 
a G S -^(J^^A) e K weakly embeddable into it. Now we choose — /i, = X\fj,. 

Notice that A^ = A (by (a)), so let {{fa,Ba) : fi < a < X) list the pairs (/, i?) 
such that / : /i — >■ A is one to one, B € [^]^ and f \ B is increasing such that each 
pair appears A times. Let /3b = sup{/3 + 1 : /3 < A is G*-connected to /i members 
of B} for B £ [A]'^ (and we shall use it for B e [A\/i]'^, i.e. for subsets of V^). Now 
/3b is < A by clause (c) of the assumption. We shall now choose inductively Ca for 
a G [/i, A) such that 

® (i) Ca C Ba is unbounded of order type k 

(ii) no C e '^\/?Rang(/„) is G*-connected to every fa{l),l S Ca 
{Hi) /i < ;3 < a ^ |G^ n Gal < K. 

In stage a choose B'^ C Ba of order type /i such that (V/?)[^ < /3 < a s\x^[B'^ n 
Gfj) < /i), that is B'^ n Cp is bounded in fi equivalently Cp equivalently in B'^ for 
/3 < a; this is possible by diagonalization, just remember cf(/i) = cf(K) and fi > k 
and clause ®(i). 

Now there is G satisfying 

(*)g G C is unbounded of order type k such that no C e A\/3Rang(/Q) is 
G*-connected to every /a (7) for 7 S G. 



■^in fact, K = 9 is O.K., but already covered bv l3.4f 2) 

^note that if 3ui{k) < ^ this clause always holds; and if 2" < /i it is hard to fail it, not clear if 
its negation is consistent 
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[Why? Otherwise for every such C there is a counterexample 7c and we can easily 
choose Ca.i by induction on i < A such that: 

(a) SUp{Ca,i) = SUp(B^) = IJ 

{Hi) otp(CQ,i) = K 

{iv) (Vj <i)[K> |c„,, nc„j|] 

[iv)^ moreover, if j < i then k > \Ca,i fl Ll{( < jjL : fa{0 is G*-connected to 
7Co,.oUC„.J|)- 

This is easy: for clause {iv)~^ note that for C — Caj U Ca,o by the choice of 7c we 
have 7c > ^Rang(/„) hence by the choice of /3Rang(/„) clearly Dc =: {i < fi : /«(«) 
is well defined and G*-connected to 7c} has cardinality < /i, so we can really carry 
the induction on « < A, that is any C C B'^ unbounded in /i of order type k such 
that j < i ^ |C n £'Cc,jUC„.ol < « wih do. 

Let ^0 = Ca.Q, Ai = {7c„ ouCq i+i • * < -^l they form a complete bipartite subgraph 
of G* by the definition of 7Cq oUC„ i and |Cq^o| = k — \Ao\ (by {Hi) of Kl) and 
1^1 1 — A (the last: by {iv)'^), contradiction. So there is C such that {*)'^] 
Choose Ca as any such C such that (*)c- Lastly define G 



y« = A\m 

Clearly G G ^fe k recalling k < 9 and ai ^ a2 \Gai n GqjI < k. Suppose 

toward contradiction that / : A — A is a weak embedding of G into G* , hence the 
set Y = {a < X : a > fi and fa = f \ /^} is unbounded in A and without loss of 
generality a £ Y ^ /3Rang(/„) = P*, i-C. is constant. As / is one to one for every 
a &Y large enough, f{a) G (/3*,A) and we get easy contradiction to clause ®(m) 
for a and we are done. (Note that we can add A nodes to U^). '-tSU] 

For the next claim, we need another pair of definitions: 

Definition 3.9. 1) io* is the class of G {V^ , , P,^).,<x where {V^,R'^) is a 
graph, \V'-'\ — A and {P[' : i < A) is a partition of V'~^ . 

2) We say / is a strong embedding of Gi S into G2 G i?^ when it strongly 
embeds (V^^R^^) into {V^\ R^^) mapping P^^ into P^' for i < A. 

3) G G f)^ is ste-universal is defined naturally. 

Definition 3.10. For k < Ai,U«(^) = min{|P| : P C [^]« and {\/A G [fA'^)(3B G 
P)(|An SI = 

Remark 3.11. If /i is a strong limit cardinal and cf(/i) < cf(K) < k < 11, then 
Uk(a*) = M- 

Claim 3.12. Assume (A > 6* > k > Kq andj 

(a) A = ^+ = 2^ 

(6) K < 11 and cf(K) 7^ cf(/i) 
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(c) 2" < and U„(^) = fi 
{d) (?) K > cf(/i) or 
(m) 6 < X or 

(in) K < cf(/i) anc? t/iere are C* C o/ order type k for a < X 
such that u G [A]-^ =^ otp[U{C* : a € u}] > k. 

Then in S^x^^k. there is no we-universal even for the bipartite graphs in ^x,e,K- 

2) In part (1) if we replace clause (d) from the assumption by {d)i or {d)2 where 

A'" > A 

{d)2 9 = X and among the graphs or cardinal fi there is no ste-universal 
(d)^ 9 — X and in there is no ste-universal, then still there is no ste-universal, 
even for the bipartite graphs in iOA.e.K- 

3) If (a) + (b) of part (1) and 2^'' = fj, = fj,'^ A 9 = X then there is a ste-universal. 

4) If (o,),(b) of part (1) and (c),(d) below, then there is a ste-universal in i^A.e.K 

(c) (1 = fl^ 

(d) in S)*^ there is a universal, see \3.9\f l). 

Remark 3.13. Note that part (2) is not empty: if /i is strong limit singular, 2^ = 
A = /Li"*", X = X^'"^ < A* 8.nd P is the forcing of adding /i Cohen subsets to then in 
V"^ clause (d)2 holds. 

Proof. 1) Let G* G iOA.e.K and without loss of generality V'~^ = A. As in the proof 
of 13. 71 using assumption (c) there is a club C of A such that 

(i) S <E C,S < 13 < X ^ K > otp{7 < (5 : 7 is G*-connected to f3} 
(a) S e C, cf((5) ^ cf(K), (5 < ^ < A ^ K > otp{7 < /3 : 7 is G*-connected to 
/?} 

(Hi) /i^ divides S for every 5 e C. 

Let S {5 eC : ci{5) = cf(K)}; as we have <>s, see jSh:922| . so let f ^ {fs : 5 e 

5) , fs e^She a one-to-one function such that (V/ G '^A)(E1^*^*5 G S)[f is one-to-one 

/a = / r (5]. For 5 G 5 let /Ss = Mm{C\{6 + 1)), and for i G [S,Ps) we let 
a<5,i = {7 < (5 : fsi'y) is G*-connected to i}, so otp(aa^i) < k by the choice of C, and 
let Bg = {i : 6 < i < f3s and \as^i\ > k}. 

Now for (5 G 5 we choose a| C (5 unbounded of order type k such that (Vi G 
Bs){a*s ^ as,^). 

[Why? First assume {d){i), i.e. k > d{fi) let [d,Ps) = U ^<5.cJ^5,cl < 

?< cf(M) 

fi, As_^ is C-increasing continuous with ^ and let (75^^ : e < k) be increasing con- 
tinuous with limit S satisfying fJ,\js,e (remember S G S ti^\S). Now choose 
7l,£ G [75,E,75,E+i)\ U {a5,i : for some ( < cf(/i),e = C mod cf(/x) and i G As^e} for 
£ < K and let a| = {7^^ : £ < k}, it is as required. 

Second assume case (ii) of clause (d) of the assumption, so 6* < A hence 9 < fi. 
For S € S we choose a sequence = {Cs,i : i < fi) oi pairwise disjoint sets, Cs,i an 
unbounded subset of 5\S of order type n, always exist as n'^\5 (we could have asked 
moreover that fs \ Cg.i is increasing with limit i5. Now if / : A — )■ A is one-to-one 
then {S G S : fs — f \ S and for fs we can choose C^} is a stationary subset of 
A so this is O.K. but not necessary). If for some i < fj. the set Cs^ U Cs,i+i is as 
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required on a|, fine, otherwise for every i < fi there is 7; < A whieh is G*-connected 
to every y e Rang(/ f {Cs,o U Cs,i+i))- As any ji is G*-connected to < k ordinals 
< S and {Cs.i : i < /i) are pairwise disjoint, clearly \{j = < k hence we 
can find Y C fi such that : i Y) is with no repetitions and |y| = 0. So 
Aq = Rang(/ \ Cs^q),Ai = {7^ : i G Y} exemplify that a complete (k, 0)-bipartite 
graph can be weakly embedded into G* , contradiction. 

Lastly, the case clause (iii) of clause (d) holds, let {js,^ : e < k) be an increasing 
limit with S such that /i|75,e; let (C* : i < A) be as in clause (iii) of (d) of the 
assumption and let Cs.i ■— {/?+!: for some £ < k we have js.e < /3 < 75, e + and 
/? - 75.e e C* and otp(C* n (/3 - 75,,)) < e}. 

Lastly, repeat the proof of "Second...".] 

Lastly define the bipartite graph G by V'-^ — A, i?*^ = {(l^S) : 6 £ S,j ^ a^}. 
Easily G e ^j^^g ^ and is not weakly embeddable into G* by the choice of /. 

2) Let G* e ^\,e,K,V'~^ — A. We choose the club C, the set S and the sequence 

f={fs-SGS)as in the proof of part (1). We shall choose {as.i : 5 £ S,i < and 

define G by V'=^ ^\,E^ ^ [j Eg, Eg = {{-/,S + i} : 7 S af,i < if,}U{{S + i,5+j} : 

ses 

£ Rg ^ x /i}. Naturally is an unbounded subset of 5 of order-type n. 
Now it is sufficient to find for 5 G 5 an unbounded subset C — Gg oi 5 oi order 
type K such that for no 7 = 7c < A do we have (V/3 < 5){(3 £ C 4=> fg{(3)R'^ 7), in 
this case ig = 1. If this fails then such 7c is well defined for any unbounded G C 5 
of order type n; Cg.i C 5 unbounded of order type k, pairwise distinct for i < \ 
and G5,i+. n Cg.o = 0; then Aq {fg{(3) : /3 G G5,o},^i =: {lc,,o'JC,,^+, : i < X} 
exemplifies that the complete (k, 0)-bipartite graph can be weakly embedded into 
G*, contradiction. 

Clearly {d)2 ^ ((i)3 so without loss of generality ((i)3 holds. For (5 G 5 let 
{Cg.j : J < /i) be a sequence of distinct subsets of ^ which include {{a < 5 : 
fg{a)R'^ {5 + i)} : i < ig} and let Mg be the model expanding G* \[6,S + ig] by 
P*^ ^ {S + i : i < ig and (Va < S)[fg{a)R'^"{S + i) = a & Ggj]}. As Mg is not 
universal in f)* , so let Ng G io* witness this; without loss of generality the universe 
of N in [6,6 + fi), and let agj ~ {/(5(a) : a & C'^j } and Rg = R^^ . 

Now check. 

3) It suffices to prove that the assumptions of part (4) holds, the non-trivial part 
is clause (d) there, i.e. S)^ has a universal member. But 2-^* = /i so either /x is 
regular so /i = n^^^ or /i is strong limit singular and in both cases this holds by 
Jonsson or see |Sh:88rj . 

4) We choose Gq for a < A by induciton on a such that 

ffl (a) Ga is a graph with set of nodes (1 + a)fi 

{b) if /3 < a then Gp is an induced subgraph of G 

(c) a a — P + I and G is a graph with /i nodes and idg^ is a strong 
embedding of G^ into G such that x G ^ 
{x is connected to < k nodes of Gfi) then there is a 
strong embedding of G into Ga which extends idc^ • 



The construction is possible by clause (d) of the assumption. Now as in the proof 
of 13. 81 G), G S)x.e,K. is ste-universal. '-jsTTSl 
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Remark 3.14. 1) In the choice of / (in the proof of I3.12|) we can require that for 
every f E the set {S E S : fs = f \ S and SCi Rang(/) = Ra.ng{fs)} is stationary 
and so deal with copies of the complete (k, 0)-bipartite graph with the 9 part after 
the K part. 

2) Probably we can somewhat weaken assumption (c). 

Theorem 3.15. Assume X>0>k>Hq and A = 2^ = ^+ and 2<^ = fi. 

1) In iOA,e,K there is a we-universal member iff ii'^ = fi A 6 = X iff there is no 
G* E f^xM.K we-umversal for {G^^l : G E Sjf g J. 

2) In S)xfi,K, there is ste-universal, iff ^'^ — ^ A 9 — X iff there is no G* E S^\e,K, 
ste-universal for {G^^"'! : G E ^^xe k}' 

Proof. 1) The second iff we ignore as in each case the same claims cited give it too 
or use 13.171 below. We first prove that there is a we-universal except possibly when 
H'' = A 9 ^ X. 

Proving this claim, whenever we point out a case is resolved we assume that it 
does not occur. We avoid using 2'^'^ = /x when we can. 

If A = A^"" then hy^M^) we have Ps'(A,6l+ x n) so hy^ + ^M.'^) there is no 
we-universal; hence we can assume that A < A^ so (as A = A<^) clearly X < 6+ 
hence A = 6* V A = 6*+ that is 6* = A V 6* = /i. 

If K = 6' then by 13.4( 2) there is no we-universal, so we can assume that n ^ 9 
hence k < < A, hence A = A*^ so bv l2.6f 3) we have Ps'(A, n) hence by I2.6f 7) we 
have Ps(A, k). So if = then bv ll.4l more exactlv. [2.91^ 1) there is no we-universal 
so without loss of generality k+ < hence k < fi. If cf(K) = cf(/i) then bv 13.81 we 
are done except if 

(*)i clause (c) of 13. 81 fails, (and cf(K) = cf(/Lt),K < fi) 
is impossible as 2'^'^ = ji. 

But (c) of 13. 81 so we can assume 

(*)2 cf(«;) ^ cf(M), 
so as 2<^ = fi, K < fi we get 

(*)3 U^(/i) = M and 2« < /i. 

Now we try to applv lXTW l). so we can assume that we cannot; but clauses (a)-(c) 
there hold hence clause (d) there fails. So k < cf(/z) A 9 > X (recalling sub-clauses 
(i),(ii) of I3.12f iKd)) as ci{K) ^ cf(/i) by (*)2 and 6* < A we have k < ci{fi) and 
9 — X. As 2^'' — /i this implies fi^ = fi and = A = /i+ as promised. All this gives 
the implication =^; the other direction bv 13.71 gives there is a we-universal. 
2) By part (1) and l0.7f 3). the only open case is /i" = and 9 = X = fi^ then Claim 
I3.12f 3).(4) applies (clause (c) there follows from ii = fi'^). Il jg 

Recalling Definition 10.61 



bp 



Claim 3.16. The results in \3.15\ hold for Sy^^ and for 

Proof. The "no universal" clearly holds bv 13.151 so we need the "positive results", 
and we are done bv 13. 171 below. Il jg 

Claim 3.17. The results o Ml\ 1X1 [XT] and [JlW 3). (I) hold for ^y^}^^ and^)'^^,^^. 
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Proof. In all the cases the isomorphism and embeddings preserve "a; € U^" , "y G 

For S^^xBk' in 13.71 we redefine G* as a bipartite graph (recalling {af : i < ^) lists 
{a C 6 : otp(a) < k and if equality holds then 5 = sup(a)} for 5 < A divisible by 

U^' ={2a:a<\} 
V^" ^{2a + l:a< A} 

rG' = {(2q;, 2^ + 1) : for some 5 < \ divisible by /i we have 2a, 2/3 + 1 G [(5, 5 + ^i] } 
U{(2a, 5 + 2i + l) : 5 < \ divisible by /i, « < ^, 2a < (5, a G } 
U{(^ + 2i, 2/3 + 1) : 5 < A divisible by /x, 2^ + 1 < (5, i < a*, /3 G af } 

The proof is similar. For i^^'^ 13. 71 we redefine G* 

U^" = {2a : a < A} 
V^*^' = {2a + 1 : a < A} 

= {(2a, 2^ + 1) : for some 5 < \ divisible by ^, {2a,2^ + 1} C [6,5 + 
U{(2a, ^ + 2i + 1) : ^ < A divisible by /it, i < /x, 2a < 5 and a G af } 
U{(2a + 1,2^) : 2a + 1 < 2/3}. 

The proof of [SH O for Sf^^g^^ is similar to that of [SH E^l The G,, is from 

^^x^giji) ^^"^ isomorphism preserve the x G ,y G V^*^. For Sy^g ^ without loss 
of generality n ^ 9 hence k < 9 (otherwise this falls under the previous case). 
We repeat the proof of the previous case carefully; making the following changes, 
say for 13. 1[ {Vf' : i < a) is increasing continuous with union V'^, (U^ : i < a) 
increasing continuous with union . 

{*)[ if X G V^\V^-^ then n > \{y £ : y is G-connected to 

We leave[3II2i;3),(4) to the reader. ^^T7\ 

4. More accurate properties 

Definition 4.1. Let Q(A, /i, a, k) mean: there are Ai G for i < A such that for 
every Be [fi]'^ there are < A ordinals i such that B C_ Ai. 

Definition 4.2. 1) For fi > k let set(/i, k) = {A : A is a subset of /x x k of 
cardinality k such that i < k ^ k > \{A D x and let set(/x, k) = [k]" for 

fi < K. 

2) Assume X > 9 > k, X > fi. Let Qrw(A, fi, 9, k) mean that some A exemplifies it, 
which means 

(a) A= {Ai -.i < a) 

(6) Ai G set(^, k) for i < a 

(c) A is (k, 6')-free which means (VA G set(/x, K)){3<^i < a)(A C Ai) 
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(d) a < A 

(e) if A' = (A^ : i < a') satisfies clauses (a),(b),(c),(d), then for some one to 
one function tt from IJ A[ into IJ Ai and one-to-one function k from a' 

to a (or K to k) we have i < a' "'(A'j) C A^i^^y 

3) Qrst(A, /i, 6*, k) is defined similarly except that we change clause (e) to (e)"*" 
demanding 7r(A^) — A^^iy Let Qrpi.(A, /i, 0, k) be defined similarly omitting clause 
(e). 

4) Assume X>d>K,X>^ and x e {w,st}. Let NQr2;(A, /x, 6*, k) mean that 
Qtx{Xt fJ-,0, k) fails. 

Claim 4.3. 1) Assume NQr^(A, ^, 0, k) and A = A^+'^ and (A > ^'^) V (/x < k). 

(a) in S^xfi^K there is no we-universal member 

(b) moreover, for every G* G ^x,e,K there is a member of Sy^^ ^ not weakly 
embeddable into it. 

2) Assume NQrst(A, ^, 0, k) and A = A^+'= and (A > ^'') V (/x < k). Then 

(a) in Sjx,e,K there is no ste-universal member 

(6) moreover, for every G* £ ^x,e,K there is a member of ^j^^g ^ not strongly 
embeddable into it. 

3) In parts (1), (2) we can weaken the assumption A — A^^'' to 

® \ ^ > jji and there is J- Q {f : f a partial one to one function from A 
to A, |Dom(/)| = /i} of cardinality A such that for every f* G i/iereQ is 

feT,fcf*. 

Proof. 1), 2) Let x — w for part (1) and x = st for part (2). 

Now suppose that G* G ^x.e.K and without loss of generality V'^ = A and we 
shall construct G G ^^xSk x-embeddable into G* (so part (b) will be proved, 
and part (a) follows). 

Case 1 : ^ < n so set(/i, k) — [k]'^. 

Similar to the proof of 11.51 Let / = (/^ : 77 G "A) be a simple black box for one 
to one functions. It means that each is a one to one function from {r]\i : i < k} 
into A, such that for every / : ''^A — )■ A for some ry G ''A we have C /. We define 
the bipartite graph G as follows: 

(*) (a) C/<3 '^>A and V'^ = C^A) x ^ 

(6) = U{i?,'; : 77 e "A} where C {(77 \ e, (77, i)) : e < K,i < 7*}. 

Now for each rj G ''A, we choose {Prj,i : i < ajj) listing without repetitions the 
set {/3 < A : /3 is G'*-connected to k members of Rang(/,,)} and without loss of 
generality a,, — \ari\ and v4,j,i — {e < k : /3r;,i, /jj('7 \ s) are G*-connected}. 

As G* G Sjx,e,K clearly A G [k]" => \{i < a,j : A C < & hence a,, = |q;,,| < 

2'^ + e but f see Definition ICT 2)1 we have assumed 9 < \ and (in gSD A = A'' 



we can add "there are A functions f & J^,f Q f*, with pairwise disjoint domains", and 
possibly increasing we get it 
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SO 2*^ < A hence a,, < A; next let Arj — {Arj^i : i < arj) and as Ajj cannot be a 
witness for Qix{X, fJ.,0, k) but clauses (a), (b), (c), (d) of Definition I4.2r i) hold, 
hence clause (e) fails so there is A[^ = (AJ^ ^ : i < a^) exemplifies the failure of 
clause (e) of Definition 14.21 with A^jjA'^ here standing for A, A' there. 
Let 

R'^ = {{V \ {V,i)) : £ < K,i < a', and e e A',_J. 
The proof that G cannot be a;-embedded into G* is as in the proof of 11.51 

Case 2 : < A (and A = A'^, k < ^ < A). 

First note that by the assumptions of the case 

ffli there is / = (/,, : rj G '^X) such that 

(a) is a function from IJ ({77 f e} x /i) into A 

(6) if / is a function from (''^A) x /i to A then we can find {up : p E ^-X) 
such that 

{{) Vp&^3{p)X 

(a) pi < P2 ^ i^pi < J^p2 

(iii) if a < /3 < X and p £ '^■^ X then i^p-(a) 7^ ^p~{0) 
{iv) fu, C / for p e '^A. 

We commit ourselves to 

ffl2 (a) = C^X) X ^i and = {(77, i) : t] £ ''X,i < X} 

(b) R° ^ U{i?J; : 77 e "A} where 

(c) R'^Q{{{r] \ e,j),{7],i)) : j < fi,i < X,e < K.}. 

We say 77 e ''A is G*-reasonablc if is one to one and for every C, < k and y G V'~^ 
the set {(77 \ e,j) : e < < fi and /,,((77 |" £,j)) is G*-connected to y} has 
cardinality < k. We decide 

ffls (a) if 77 is not G*-rcasonable then = 

(6) if 77 is G*-reasonable let ^ : i < a^) list without repetitions the 
set {/3 < A : /3 is G*-connected to at least k members of 
Rang(/^)}; and let = {(&, j) : e < k, j < ^ and f e, j)) 

is G*-connected to /3r),i}; clearly Ajj,i e set(/i, k) and 
let Ar, = {Arj^i -.iKa^) 
(c) as A,-i cannot guarantee Qr2;(A, /i, 6, k) necessarily there is 
A[^ = (AJj j : i < a'jj) exemplifying this so < A and let 
= {(iv \ : « < <, and (e, j) G J. 

The rest should be clear; for every / : "^A A letting (fp : p G ''-A) be as in M 
above, for some p G '^A, I'p is G* -reasonable. 

Case 3 : p = k. 

Left to the reader (as after Case 1,2 it should be clear). 
3) As in the proof of I2.6r 4'). it follows that there is / as needed. '-tUSl 
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Claim 4.4. NQrst(2'', 2'', k). 

2) If X = 6 = 2^^ then inSj\^e,K. there is no ste-universal even for members of Sy^^ ^. 
Proof. 1) Think. 

2) By part (1) andO E j^ 
Claim 4.5. 1) Assume k < X and Qrr^(X, 1, A, k) andSj^^^^ a k ^ ^' then ^^^^^^ a « ~ 
■^(Tk) a k ^'^^ ^ x-universal member. 

Proof. Read the defiiiitions. IZ j^^ 

5. Independence results on existence of large almost disjoint 

families 

This deals with a question of Shafir 
Definition 5.1. 1) Let Pr2(A*, K,0,a) mean: there is ^ C [k]^ such that 
(a) 1^1 = M 

(6) ii Ai e AioT i < 9 and i ^ j ^ Ai ^ Aj tlien \ f] Ai\ < a. 

i<e 

If we omit a we mean k, if we omit /i we mean 2^. 

Claim 5.2. Pr2(— ) has obvious monotonicity properties. 

Claim 5.3. Assume 

{*) a = (T<'^ < K, = k'^ ^ cf(K) and (Va < k)(|q;|<'^ < k) and 2*^ = k+ < x fso 
K++ < x). 

Then for some forcing notion ¥ 
(a) |P|-X" 

(6) P satisfies the k++-c.c. 

(c) P is a-complete 

(d) P neither collapses cardinals nor changes cofinalities 

(e) m V"^ we have 2" ^ x" -.'^'^ = 

(/) in V'' we /lawe Pr2(x, c^, f) -iPr2(K^^, k, k, 0) /or 6 < a recalling 



Proof. The forcing is as in a special case of the Q one in [Sh:918| §2] , see history 
there. Let E be the following equivalence relation on x 

aE(3 ^a + K^P + K. 
We define the partial order P — {P, <) by 

P ^ {f : / is a partial function from x to {0, 1} 

with domain of cardinality < k such that 
{ya<x){\Bom{f)n{a/E)\<a)} 

/i</2iff /i,/2eP,/iC/2and 

a>\{ae Dom(/i) : /i \ {a/E) ^ f^ \ 
We define two additional partial orders on P: 
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/i <pr /2 iff /i C /2 and /i, /2 G P and 

(Va 6 Doni(/i))[/i \ {a/E) = ^ \ {a/E)]. 

fi <apr /2 iff /i, /2 e F, /i < ^ and Doni(/2) C U{a/E : a e Doni(/i)}. 
We know (see there) 
(*)o P is K++-C.C., |P| = x" 

(*)i P is (T-complete and (P, <pi ) is K+-coniplete, in both cases the union of an 

increasing sequence forms an upper bound 
(*)2 for eachp, ¥ \ {q : p <apr q} is cr+-c.c. of cardinality ~ k and cr-complete 

(*)3 if p < r then for some q,q' we have p <apr 1 <pr r and p <pr q' <apr r; 

moreover q is unique we denote it by inter (p, r) 
(*)4 Hp Ih "r G ''Ord" then for some q we have 

(a) P <pr g 

(b) if a < K and q < r and r Ihp "t(q!) = /3" then inter(g,r) Ihp "t(q!) = 
/3". 

This gives that clauses (a),(b),(c),(d) of the conclusion hold. As for clause (e), 
2^ < follows from (*)5 + |P| = x'^ and 2" < x" , too. 
Define: 

(*)5 (a) /:=U{p:peGF} 

(fe) Ihp "/ = UGp is a function from x to {0, 1}" 

(c) for a < X let = {7 < K : /(^a + 7) = 1}. 
Also easily 

(*)6 if p \\- "r C (t" then for some u G [x]^'^ and cr-Borel funtion B : "2 — > °'2 
and g we have 
P <pr g 

g Ih "r = B(/ r uT 

(*)7 Ih "Aq, C k moreover 7 < k =4^ [7, 7 + u) fl 7^ and [7, 7 + cr) ^ Aq, and 

[Why? By density argument.] 

(*)8 A :— {Aa : a < x} exemplifies Pr2(Xj ct+, a). 

Why? By (*)7 + (=i=)5(c), A C [k]**, |^| = x so we are left with proving clause (b) of 
15.11 its proof will take awhile. So toward contradiction assume that for some p G P 
and {f3(^ : C < f^) we have 

ffli P I^P "^C < X, ^ ^« for C < e < «+ and | r\c<.^ Ap^ \ > a". 

By induction on C < we choose G P such that: 

ffl2 (a) Po = P 

(/3) is <pr-increasing continuous 

(7) there is r'^ such that p^+i <apr ''^ and r'^ Ih = 
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(5) Dom(K+2) n (13* /E) + 0. 

No problem because (P, <pi.) is K+-complete and (7+ < k+ and (*)3. 
LeiQ q^p^+. 

We can find r.^,/?^ for ( < a'^ such tliat q <apr and Ih = Let 
= Dom(r^)\ Dom(5), so < cr by the definition of <apr- By the A-system 
lemma, recalling a — cr^'^ there is y C (t+, \Y\ — cr+ and u* such that for ^ < ^ 
from Y we have u^^ D — u* . Without loss of generality C ^ Y =^ \ u* ~ r* . 
Let = < K : kI3^ +76 Dom(r^+2)} so S [k]^'^- 
Possibly further shrinking Y without loss of generality 

C ^ from Y ^ V( ^ V* . 
So w* e [k]<'" (in fact follows). 

Let C(*) = Min(y). 
We claim 

As p < r^(*) this suffices. 

Toward contradiction assume that r, a are such that 

ffls < r e P and r Ih "a G f] . 

C<cr+ 

Recall clause (S) of ffl2 (and ( < ^ <pr Pcr+ = 9)1 we know C < o"+ ^ 
Dom((7) n {/3'^ /E) ^ and, of course, q < r^(*) < r so by the definition of < in P, 
for every ^ < (t+ large enough 

ffl4 (a) {PyE)n Dom(r5)\Dom(r(;(^)) = hence 

(6) r, are compatible functions (hence conditions) 
(c) a ^ u^. 

Let r+ = r Ur<; U {{kI3* + a,0)}. 
So easily 

ffls (a) r < r+ e P 

(6) r^; < r+ hence r+ Ih "^(^ = 
(c) r+lh"a^^^.". 

So we have gotten a contradiction thus proving (*)8- 

(*)9 Ih "^Pr2(K++,K, 61,0) if 6* < cr". 

Why? So toward contradiction suppose p* Ih = {Ba : a < C [k]'^ 

exemplifies Pr2(K^"'", k, 0, 9y\ 

For each a < k++ we can find pa such that p, f and then S, q: 

®i (a) p = (pct^i : i < k) is <pi.-increasing continuous (in P) 

^if we define P such that it is only K-complete, we first choose y2,ug,u* ,V(^,v* and then 
Q = PC(*) fo'' = < ct+ : \( n y\ = a} 
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(e) C K is stationary 

(/) {va.i Dom(rc^i)\ Dom(pct : i G 5) is a A-system with heart 

Va, so \vq\ < a 

(5) {^a,i \Va : i G s) is constantly 
(h) Pa = Pa,K U e P so < q. 

Let Ua — U{/3/E : {3 e Dom(pa)} so Ua S [x]"'* and Dom(ra,i) C for i < k. 
For some F e ^ and T* < «;+ and stationary S C k and 7 = (7^ : i G S") 

we have 

®2 if a G F then otp(uc() = T* and Sa — S and (70^^ : i G 5) = 7. 

Let ga^i3 be the order preserving function from up onto Uq,. 
Again as 2" = «;+ without loss of generality 

®3 For a,(3eY 

(a) pfj^p^o g^^p and p^^i = pc^^ o g^^p and r^j^i = r^^i o g^,^ for i < k 
(6) n = for a < /3 < k++ 
(c) 5q,/3 is the identity on 



®4 if <apr Ta.pp <apr Tp.rp = o 5a,/3 and 7 < K then 
(a) r„ Ih "7 e ^ Ih "7 £ B^" 

(6) r„lh"7^B„"^r^lh"7^BV'. 

Choose : £ < an increasing sequence of ordinals from Y . 

Let p* = U Pp. and C(*) = 



{h) ii p* < q then for each e < 9 for every large enough i £ S, the 
conditions q^rp^^i are compatible hence 

(c) if < then for every large enough i Cz S the universal q^ = 
q U {^13^,1 : e < 0} is a well defined function, belongs to P 
and is common upper bound of {rp^j : e < 9} U q 
hence force ji G Bp^ for e < 6'. 



and 



So: 



®5 (a) 



P \= "p* < pp^ < q*" ior e <0 



As ji > i clearly 



®6 <?* II" " n is unbounded in k hence has cardinality k". 
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